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Let G be a finite group. If any two elements of G of the same order are 
conjugate in G then G is isomorphic to the symmetric group S,, n = 1,2, 
or 3. This is a problem which appears to have been known for a long time. 
See [20, 7.481, where it is referred to as a well-known problem. The problem 
has been proved to be true; see, for example, [7, IS] for references. A more 
general question is to determine the structure of finite groups all of whose 
elements of the same order are conjugate in their automorphism groups. 
We call the groups in question AT-groups. It is easy to see that homocyclic 
p-groups and the quaternion group of order 8 are AT-groups. We prove 
that Suzuki 2-groups S of order IZ(S)(’ are also AT-groups. It seems that 
this result has not appeared previously. The structure of AT-groups is 
determined in this paper. In Section 1, we prove several auxiliary lemmas. 
Section 2 mainly contains results on solvable AT-groups. The main result 
and its proof appear in Section 3. 
All groups in this paper are assumed to be finite. Notation and termi- 
nology are standard and mainly taken from [S, 131. 
1. PRELIMINARY RESULTS 
LEMMA 1.1. Let G be an AT-group and N be a characteristic subgroup of 
G. Then both N and G = G/N are AT-groups. Moreover, if P is a Sylow 
p-subgroup of N, then o(x) = p’. o(X), where p’ is the exponent of P and x 
is an arbitrary p-element of G\N. 
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Proof It is easy to see that N is an AT-group. Now suppose x and J 
are two arbitrary elements of G such that o(,f) = o( J). In order to prove 
that G = G/N is also an AT-group, we need only prove that o(Y) = o( y’) 
for some x’ E .uN and y’ E yN. Suppose x = X, x2 . . .x, and y = y, yz . . . ys, 
where -yi and yi are pi-elements of G with SEXY= x,,Y~ and J’~J;~= yjyi for 
any i and j. Clearly o(.fi) = o( yi) for any i. We may assume with no loss of 
generality that o(.lci) # 1, Vi < s. We claim that o(x~) = o( yI), i = 1, 2, . . . . s. 
For convenience only, we assume now that ,K and ~3 are p-elements. Let P 
be a Sylow p-subgroup of N and p’ be the exponent of P. Suppose 
O(X) = p”, 0( y j = pm, and o(?c) = p’: Since G is an AT-group and N is 
characteristic in G, all p-elements of G of order less than p’+ ’ lie in N. 
Hence n>r. Since o(xPn-‘)=p’, .Y”~~‘EN. So o(.Y)jp”+‘, p’sp”-‘, 
f < n - t, f + t 6 n. Since .UP’ = 1, .Y~‘E N. Therefore p”- = o(xp.‘) < p’, 
n-f<t, n<f+t. Hence n=f+t. Similarly, we have m=f+t. So 
o(x) = o( ?‘j and the lemma follows. 
The following corollary follows directly from Lemma 1.1. 
COROLLARY 1.2. S, and GL(2, 3) are not AT-groups. 
LEMMA 1.3. If G z M, x Ml x . . . x M,,, where the Mi’s are nonabelian 
simple groups, then any nontrivial normal subgroups N of G are of the form 
N=Mi,xMi,x ... xM,, l<i,<n. 
Proof Let N be a normal subgroup of G. Let Pi be the homomorphism 
of G onto Mi such that Pi(x,x2.. .x,) = xi, where X, E Mj, j= 1, 2, . . . . n. 
For any element x of N, we claim that if P,(x) # 1, then M,< N. Set 
xj = P,(x). Since Mi is nonabelian simple, there exists an element 4’~ Mi 
such that [xi, y] # 1. Since x=x,xz . ..x., and [x,, y] = 1 for any j# i, 
[x, y] = [-ui, y] E Mi. Hence Nn Mi# 1 and it follows that Mj< N. 
Therefore N is of the required form. 
LEMMA 1.4. If a finite group G is the direct product of two groups M and 
N with (I NI, IM( ) = 1, then G is an AT-group if and only if M and N are 
AT-groups. 
Proof: One part of the lemma follows from Lemma 1.1. Now suppose 
M and N are AT-groups. If a = alal and b = b, b, are of the same order, 
where a, and b, lie in M and a, and bz lie in N, then ~(a,)= o(b,), 
o(az)=o(bzj. Since M and N are AT-groups, there exist x in Aut(M) and 
y in Aut(N) such that a; = b, and a; = bZ. Since x and y can be extended 
to elements of Aut(G) in the natural way, i.e., x fixes every element of N 
and y fixes every element of M, then ax-“ = b. Hence G is an AT-group. 
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2. SOLVABLE AT-GROUPS 
We use S(n) to denote the class of nonabelian 2-groups P satisfying the 
following conditions: 
(I) P’ = Q(P) is homocyclic of rank n, i.e., P’ = @:‘= L Ci, where the 
C,‘s are cyclic of the same orders. 
(2) P/P’ is of the order 2” or 2*“. 
(3) The center Z(P) of P consists of all involutions of P. 
(4) Either Z(P) = P’ or C,(P’) = P’ with Z(P) = @(P’). 
It is easy to see that S( 1) consists of the quaternion group of order 8 and 
the generalized quaternion group of order 16. If PE S(n) with Z(P) = P’, 
then P is special. If P E S(n) and P is not special, then P’ is of exponent 4. 
LEMMA 2.1. Let P be a finite p-group. If P is an AT-group, then either 
P is homocyclic or P E S(n), where 2” = lZ( P)I. 
Proof By [ 13, Theorem 5.8; 151, P is homocyclic if p # 2 or P is 
abelian. Now we may assume that P is a nonabelian 2-group. By [ll], P 
is either a special 2-group of order 2*” or 23” or satisfies P’ = Q(P) = C,(P’) 
and Z(P) = [P’, P] = (P’)*, where (P’)’ = (x2 I x E P’). Since P is an 
AT-group, Z(P) contains all involutions of P. If P is special, then 
PE S(n). If P is not special, then P’ is abelian. By [ 13, Theorem 5.81 and 
Lemma 1.1, P’ is homocyclic. Hence Z(P) = (P’)* = @(P’). Since [a, b]* = 
[a*, b] = 1 for any aE P’ and bE P, Z(P) is of exponent 2. By Lemma 1.1, 
P/Z(P) is also an AT-group. By [ 111, P/Z(P) is a nonabelian special 
2-group of order IZ(P)I* or lZ(P)13, where P= P/Z(P). Since P’=(P)‘, 
IZ(P)I = IZ(P)I and the lemma follows. 
If Gross’ conjecture on 2-automorphic 2-groups [ 111 is true, then non- 
abelian AT-groups of order 2”’ (m > 3) will be Suzuki 2-groups. We do not 
know if Suzuki 2-groups are AT-groups. Although it seems that the answer 
is negative, the following two lemmas show that this is the case. 
LEMMA 2.2. Zf P is a Suzuki 2-group of order (Z( P)I *, then P is an AT- 
group. 
Proof: Suzuki 2-groups are nonabelian special 2-groups of order either 
IZ(P)I’ or lZ(P)13 and Suzuki 2-groups of order IZ(P)(’ are isomorphic to 
A(n, O), where A(n, O)= (U(x, y) I x and y lie in GF(2”)), 0 is a field 
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automorphism of GF(2”) of odd order, U(x, y )‘s are matrices of degree 3, 
and 
with x, )’ in GF(2”). 
Then U(x, y) U(x’, y’) = U(x + x’, J’ + J+’ + I’) and U(x, y) -’ = 
U(x, y + x(x0)). 
If 0 # a E GF(2”), there is an automorphism 5, of A(n, 0) given by 
U(x, y) t,= U(ax, a(&) y). By [13, Theorem 6.91, there exists an a in 
GF(2”) such that (<,) permutes transitively the set of involutions of 
A(n, 0). It is easy to verify that o( U(x, y)) = 4 if x # 0 and 0( U(0, y)) = 2 
if y # 0 and Z(A(n, 0)) = (U(0, y) I J’ E GF(2”)). Now we need only prove 
that any two elements of A(n, 0) of order 4 are conjugate in the 
automorphism group of A(n, 19). For any U(x, y) E A(n, 19) with x #O, set 
10 0 
u’= 0 1 I- ‘J 
( 1 
and v = t,r-,. 
00 1 
Then O(W) = 2 and w’U(b, C)W = U(b, c + bx-‘y). Hence w induces an 
automorphism w of A(n, 0). Since U(x, JJ)W’V = U(x, y + x(x-‘y))v = 
U(x, 0) (,-I = U(x-‘x, 0) = U(1, 0), every element of A(n, 0) of order 4 is 
conjugate to U( LO) and the lemma follows. 
Let q = 2”; then the matrices 
where x, y are elements of GF(q*) and y + yq +xx4 =0, form a Sylow 
2-subgroup S of SU( 3, q) and S is a Suzuki 2-group of order IZ(S)l 3 = 23”. 
See [ 13, p. 3143 for reference. By an argument similar to that in 
Lemma 2.2, we have the following lemma. 
LEMMA 2.3. The Sylow 2-subgroups of SU(3,2”) are both AT-groups 
and Suzuki 2-groups. 
LEMMA 2.4. If G is a solvable AT-group with cyclic Fitting subgroup 
F(G), then IG:F(G)l 12 an every Sylow subgroup of G is cyclic. d 
Proof. Let F(G)= (x); then Aut(F(G)) is abelian. Set G= G/F(G). If a 
and b are two p-elements of G\F(G) such that o(z) = o(6), then o(a) = o(b) 
by Lemma 1.1. Since G is an AT-group, there exists an automorphism CI of 
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G such that a’= h. Then x ‘I,a= I,,, where I,, and Ih are the inner 
automorphisms of G induced by a and h. Hence x~“~’ =slh. Since 
Aut(F( G) is abelian, .Y’~‘~,~~ = .Y’o, 66’sb=a~‘xa, abb’ECo(F(G))<F(G). 
In particular, let 6 = a ~ ‘, a’ E F(G). Therefore G is a 2-group and hence an 
elementary abelian 2-group and lG : F(G)1 12. If G = F(G), then the lemma 
is proved. If F(G) is a proper subgroup of G, then 1G : F(G)( = 2. Let Q be 
a Sylow 2-subgroup of G; then Q n F(G) is cyclic. By Lemma 1.1, Q is also 
cyclic and the lemma follows. 
LEMMA 2.5. Let G be a solvable AT-group such that N = F(G) is an 
elementarJ1 abelian p-group and G = NH, where H is a subgroup of G with 
N n H = 1. Then p j 1 HI and one of the following holds: 
( 1) All Sylol~ subgroups of H are cyclic and 1 H/F( H)( Q 2. 
(2) N is of order 32, 5’, 12, 1 l’, or 23’ and Hz Qs or Q8 : (M), where 
Qg is the quaternion group of order 8, O(U) = 3, and NF(H) is a Frobenius 
group. 
Proof: Since G is an AT-group, p 1 I HI by Lemma 1.1. Now suppose H 
is not cyclic. Consider N a vector space V over GF( p) of dimension n. Let 
G, be the subgroup of GL( V) induced by Aut(G). Since H acts faithfully on 
I’, H induces a normal subgroup D of G, and Hz D. Clearly G, acts tran- 
sitively on V\O. It is easy to see that any two elements of D of the same 
order are conjugate in G,. Let L be the field defined as in [12] satisfying 
IL1 = p”‘, n = n*m, where n* = dim, V (consider V a vector space over L), 
G, d FL( I’, L), and one of the following is true for G,: 
(I) SL( V, L) < G, < I-U K L). 
(II) G,, contains a normal irreducible subgroup W such that 
W/Z(W) is nonabelian simple. 
(III) Go contains a normal subgroup E isomorphic to an extra- 
special group of order 2”+ ‘. Furthermore, CGo( E) = Z( G,) and G,/( EZ( G,)) 
acts faithfully on E/Z(E). If n = 2, then n* = n = 2 and IL1 = 3, 5, 7, 11, or 
23. If n>2, then n*=n=4 and IL1 =3. 
If G, is solvable, then either n* = 1 and G, is of type (I) or G is of type 
(III) by Corollary 5.6 of [12]. If G, is of type (I) with n* = 1, let L* = L\O; 
then L* is cyclic. Since G, < GL( V), G, < T, where T= L*l(cr) and CI is 
the field automorphism of L of order m. Since D is not cyclic, D is not con- 
tained in L*. For any element x E D, there exists y E G, such that x-~ = x-i. 
Set T= TfL*. Then X” = XP ‘. But T is cyclic, ,Ir.” = .K Hence 5’ = 1, x2 E L*. 
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Since T is cyclic, 4 = (DL*)/L* x D/( D n L* ) is of order 2. If D is not 
nilpotent, then F(D) = Dn L* is cyclic. By Lemma 2.4, all Sylow sub- 
groups of D are cyclic. Hence IH : F(H)1 = 2 and all Sylow subgroups of H 
are cyclic by the isomorphism of H and D. If D is nilpotent, then 
D = P x Q, where Q is a Sylow 2-subgroup of D and P is a 2’-subgroup of 
D. Clearly P < L* and hence is cyclic. Let x be a 2-element of Q but x 6 L*; 
then .Y is not conjugate to any element of L* in T. Therefore 
o(x)32lQnL*I=IQI by Lemmal.l. So Q=(x) is cyclic and conse- 
quently D is cyclic. This is impossible since we assumed that D is noncyclic. 
If G, is of type (III), then D n Z(G,) is of order at most 2. If D n E = 1 
then D acts trivially on E and D Q C,,(E) < Z(G,), which is impossible. 
Thus Dn E# 1. Since D is normal in G, and lZ(E)I =2, Z(E)< D. Now 
Z(E) < Z(G,) implies that D contains exactly one involution, so a Sylow 
2-subgroup S of D is either cyclic or (generalized) quaternion. If D is a 
2-subgroup then we have D = Q,. If D=Q8 and n*=n=2 then it is easy 
to see that Lemma 2.5 is true for Go. We assume in the following that D 
is not a 2-group if n* = n = 2. We claim that if n* = n = 2 then D = Q8: (m) 
with o(a) = 3. Since D is not a 2-group and E is isomorphic to Q8 in this 
case, the only elements of odd order in D are those of order 3 (note that 
D n Z(G,) <Z(E)). Now the claim follows from the faithfulness of 
G,/EZ(G,) on E/Z(E) and Corollary 1.2. Note that G, acts transitively on 
V\(O), there exists an element x in G, such that O(X) = 3 if n* = n = 2, and 
5 if n* = n = 4 and x acts irreducibly on E/Z(E). Since D n E is normal in 
G,,, D n E = E or Z(E). If D n E = Z(E) then D acts trivially on E/Z(E), 
so D < EZ(G,). It follows that D is a 2-group and consequently, D = Q8. 
By the assumption on D, n* = n = 4. Thus GL(4,3) contains a subgroup 
isomorphic to the extra-special 2-group DE of order 2’, which is 
impossible. Hence D n E = E. Since D n E is an AT-group, we have 
n* =rz= 2 by Lemma 2.1. Thus Lemma 2.5 holds for Go. Now we may 
assume that G, is nonsolvable. Then G, contains a normal irreducible 
subgroup B such that B/Z(B) is nonabelian simple. Since D is a solvable 
normal subgroup of G,, B n D < Z(B), [B’, D] = 1, [B, D] = 1. So D is 
cyclic by the Schur lemma, contrary to the assumption on D. The lemma 
is now proved. 
LEMMA 2.6. If G is a soluble AT-group then G has p-length 1 for an? 
prime number p. 
ProoJ Since G/O,.(G) is a soluble AT-group we may assume that 
O,.(G) = 1. Let P := O,(G). Our task is to prove that P is a Sylow 
p-subgroup of G. Since G/@(G) is a soluble AT-group and F( G/@(G)) = 
F(G)/@(G) we may assume that @(G) = 1. Then P is elementary abelian 
and is complemented in G. If H is a complement for P in G then H cannot 
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contain any elements of order p, so by Cauchy’s theorem it is a $-group. 
Thus P is a Sylow p-subgroup of G, as claimed. 
COROLLARY 2.7. [f G is a soluble AT-group then eoery Sylowl subgroup 
of G is an AT-group. 
Note. This is not true without the assumption of solubility because the 
Sylow 2-subgroups of PSL(2,7) are not AT-groups. 
THEOREM 2.8. If G is a soluble AT-group then G = ei Mi, where 
(IMJ, I M,I) = 1 ,for any i# j and one of the following is true for each M;. 
(1) MizM:H, (IM1,(HI)=l, M ts nilpotent, and all Sylow sub- 
groups of M are homocyclic or Lie in S(n) for some n. All Sylow subgroups 
ofHarecyclicandJH/F(H)Id2.ZfH#l then [H,M]=M#l.If21IMI 
then H is in fact cyclic of odd order. 
(2) M,z (Ex T) : (Q*(x) x C), vh M ere E, T, Q,, (cc), and C are of 
pairwise coprime orders; E and T are abelian and all Sylow subgroups of T 
are homocyclic; E is nontrivial and for any p 1 IEI, p = 3, 5, 7, 11, or 23 
and P is homocyclic of rank 2, where PE Syl,(E); EQ, is a Frobenius 
group and o(u) = 3”, m 20; C is cyclic. [E, C(or’)] = [T, Qg] = 1, and 
[C(M), T] = T; Ifm=O then C= T= 1. 
Proof. We suppose, toward a contradiction, that G is a minimal 
counterexample to the theorem. By Corollary 2.7 and Lemma 2.1 all Sylow 
subgroups of G are homocyclic or lie in S(n) for some n. We claim that 
Q(G) = 1. If this is not the case then there exists a minimal characteristic 
subgroup N such that N< Q(G). By the minimality of G the theorem is 
true for G = G/N. Thus G = @ :=, mj, where W,‘s are normal subgroups of 
G which contain N as a subgroup and (I lVil, 1 mjI ) = 1 for i# j. Each IVi 
is of type (1) or type (2), as described in the theorem. Furthermore we may 
assume that each wj cannot be expressed as a direct product of proper 
Hall subgroups of wi. Suppose that N is a p-group; then p 1 lG1. Without 
loss of generality, we may assume that p 1 lri 1. Thus p j I mjI for any j > 2. 
Set W= Wz . W, . . . . W, and let U be a Hall p’-subgroup of W. Now 
IVi = ii;i, : R, , where li;i, and R, are of coprime orders and N is contained 
in M, and H,; A, is nilpotent. All Sylow subgroups of R, are either cyclic 
or quaternion. Since N<@(G) and li;i, is nilpotent M, is nilpotent. If 
pi IR,l then N<@(O,(M,)) by the choice of N and Lemma 2.1. Ifs= 1 
then W = N. It follows that G = M, : H and G/N = i@, : R, are of the 
same type, where H is a Hall p’-subgroup of H,. This is contradictory 
to the assumption on G. Thus s > 1 and W> N. By the minimality of G, 
W, is of type (1) or type(2). Since [cr,O,(M,)]~N~~(O,(M,)), 
ON FINITE GROUPS 29 
[U, O,W,)l= 1. so cu W,l= cw,, u, VI < CN, Ul< COJM,), Ul= 1. 
It follows that G = W, x U. By the minimality of G the theorem is true for 
U, so it is also true for G, which is a contradiction. Therefore p 1 IR,I. Then 
M, = Y x N, where Y is a Hall p’-subgroup of M, . Now WI/Y z H, is an 
AT-group (since W, is an AT-group). Let P be a Sylow p-subgroup of G 
such that P d H, ; then P is an AT-group by Corollary 2.7. We claim that 
P is cyclic. We already know that P= PIN is either cyclic or quaternion. 
If P is cyclic then P is cyclic by Lemma 2.1. If P is quaternion then P’N is 
an AT-group such that PIN/N is cyclic of order 2. So P’N is cyclic and it 
follows that P is a generalized quaternion group of order greater than 8. 
But it is easy to see that generalized quaternion groups of order at least 16 
are not AT-groups. This is again a contradiction. Therefore P is cyclic, as 
claimed. It is easy to verify that W, = Y: H, is of the same type as that 
of ml. Since N<@(P) and [P,U]<NQ@(P), [P, U]=l. Then we 
have [ W,, U] = [ W,, U, U] < [N, U] = 1. Thus G = W, x U. Arguments 
similar to those in the case p 1 Ia,1 yield a contradiction too. So @(G) = 1, 
as claimed. Then G = J’(G)K, where F(G) is the Fitting subgroup of G and 
F(G)nK= 1. Since G is an AT-group, (IF(G IKj)= 1. Since G(G)= 1, 
F(G) = N, x N, x . . . x N,, where N,‘s are minimal characteristic subgroups 
of G. If Ni is a pi-group then Ni contains all p-elements of order p in G. 
Let P be an arbitrary Sylow p-subgroup of K; then P is homocyclic or 
lies in S(n) for some integer n. By Lemma 2.5 we have t > 1. If p is a 
prime factor of the order of C,(N,) then C,(N,) contains all p-elements of 
order p of G. Since F(G) is self-centralizing in G there exists at least one i, 
say i=l, such that p is not a prime factor of the order of 
C&N,). Let B = N, . N, . . . . . N,; then G/B is an AT-group. Since KN, is 
isomorphic to G/B, KN,/C,(N,) is also an AT-group. By Lemma 2.5, 
Pz PC,(N,)/C,(N,) is cyclic or quaternion. Let Q be a Sylow 2-subgroup 
of K. If Q is cyclic then F(K) is also cyclic. Then K/F(K) is of order at most 
2 by Lemma 2.4. This implies that the theorem is true for G, which is a 
contradiction. So Q is quaternion. Then K= O,,(K)Q or O,.(K) Q(E), 
where (cr ) is a Sylow 3-subgroup of K and [Q, ~1 = Q. If 2 is a prime 
factor of C,(N,) for some i then QC,(N,)/C,(N,) is abelian and thus is 
cyclic. Since C,( Nj) is a characteristic subgroup of G and G is an AT-group 
Q is contained in C&N,). Without loss of generality we may assume that 
2 does not divide the order of C,(N,) for i = 1,2, . . . . r and Q is contained 
inC,(N,)forj=r+1,r+2,...,t,wherer~tt.SetA,=N,.N,.....N,and 
Az=N,+,.N,+z. ... . N,. By Lemma 2.5, O,.(K) is contained in C,(A,) 
and thus O,,(K)= C,(A,) and Ni is of order 3*, 5’, 72, ll’, or 23* for 
i = 1, 2, . ..) r. If r = t then O,.(K) = 1 and G is of type (2), which is a con- 
tradiction. So r < t. If [F(G), K] $ F(G), then F(G) = [F(G), K] x D, 
where D = C &K). Obviously, D and [F(G), K] . K are of coprime order 
and G = D x [F(G), K] . K. By the minimality of G the theorem is true for 
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[F(G), K] K and is consequently true for G, which is again a contra- 
diction. Therefore [F(G), K] =F(G). If K=O,.(K)Q then c’,(A,)= 
O,.(K) and C,(A,)= Q. Thus O?.(K) is cyclic by Lemma 2.4. Now 
G = (‘4, : Q) x (A2 : OJK)) is the product of two Hall subgroups of 
types ( I ) and (2), respectively. This again contradicts the assumption on G. 
So R=O?,(K) Q(a). Clearly Q is contained in C,(A,). If Q= C,(A2) 
then Q is normal in K. Since K/Q z G/QF(G) is an AT-group of odd 
order and all Sylow subgroups of K/Q are cyclic, K/Q is cyclic. Let C 
be a Hall 12, 3 )‘-subgroup of K, then [C, Q] d O,.(K) n Q = 1. Thus 
G = (A, x Z42) : (Q( CI > x C) is of type (2), which contradicts the assumption 
on G. So Q is contained properly in CK(A). Since O,,(K) n C,( AZ) = 
C,(A, J n C,(A2) d Kn F(G) = 1 it forces O(U) = 3 and C,(A,) = Q(M). 
O,,(K) is cyclic by Lemma2.4. Then G=(A, :Q(~))x(A2:0,.(K)) 
implies that the theorem is true for G, which is a contradiction. The last 
contradiction proves the theorem. 
C~ROLLARS 2.9. if G is un AT-group of odd order, then G has an abelian 
normal Hall subgroup h4 such that G/M is cyclic and all S~vlow subgroups of 
M are homocwiic. 
3. STRUCTURE THEOREM OF AT-GROUPS 
Now we can characterize arbitrary AT-groups using the classification of 
finite simple groups. 
THEOREM 3.1. Let G be un arbitrary AT-group; then G = @ igs Mi, 
where (IM,I, IM,I ) = 1 .for any i # j and one of the following is true for each 
M;: 
(1) Mix M : H, (IMI, IHI) = 1, M is nilpotent and all Sylow sub- 
groups of M are either homocyclic or lie in S(n) for some n, all Sylow sub- 
groups of H ure cyclic, and (H/F(H)/ Q2. Ij*H# 1, then [H, M] =M# 1. 
If 2 ( (Ml then H is cyclic. 
(2) Mi~((Ex T): (Qe: (a) x C), where E, T, Q8, (a>, and C are 
of pairwise coprime orders; E and T are abelian and all Sylor subgroups 
of T are homocyclic; E # 1 and for any prime divisors p of 1 El, 
p E (3, 5, 7, II,23 1. All Sylow subgroups of E are homocyclic of rank 2 
and EQ8 is a Frobenius group; o(a) = 3”, m 20; C is cyclic and 
[.E,C<U~)]=[T,Q,]=~, T=[T,C(~)].lfm=0, then T=C=l. 
(3) Mj*U5h L,(7), L,(g). L,(9), L,(4), S&(5), X,(7), SL,(9j, 
or B : SL,(S), where B is abeliun andfor any p ( I B[, p = 11, 19, 29, or 59, al/ 
Syfowsubgroups of B are homocyclic of rank 2, Z(B : s&(5)) = 1. 
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ProoJ: If the theorem is not true, let G be a minimal counterexample. 
Then 
(I) G is not solvable. This follows directly from Theorem 2.8. 
(II) G is nonabelian simple. 
If G is not simple, let N be a minimal characteristic subgroup of G. If 
N = G, then G is characteristic simple and G = M, x M, x . . . x M,, where 
Mis are nonabelian simple and Miz M,, i= 1, 2, . . . . s, s > 1. Let yi be an 
involution of M;. Since G is an AT-group, there exists an automorphism a 
of G such that y: = y1 y,. By Lemma 1.3, My = Mj for some ids. Hence 
yi y2 E Mi, which is impossible. Therefore N is a proper subgroup of G. By 
Lemma 1.1, both N and G= G/N are AT-groups. If N is nonsolvable, then 
N%:*(5), L,(7), L,(8), t,(9), or L,(4) by the minimality of G. Set 
Q = C,(N); then Q is a characteristic subgroup of G and Q n N = 1. Hence 
G/Q is isomorphic to a subgroup of Aut(N) containing Inn(N). By [S], the 
only normal subgroup of Aut(N) which is an AT-group is Inn(N). So 
G/Q x N and G= N x Q. Since G is an AT-group and both N and Q are 
characteristic in G, ((NI, lQl) = 1. In particular, Q is of odd order and 
therefore solvable. By Theorem 2.8, Theorem 3.1 is true for G, contrary to 
the assumption on G. Hence N is solvable. Now N is an elementary abelian 
p-group and G is nonsolvable. By the minimum of G, G = li;i x fl, where M 
and H are characteristic subgroups of G such that N < M, N < H, 
( lii;il, [RI ) = 1, R is solvable of odd order, and li;i is one of the groups 
listed in (3) of Theorem 3.1. If i?!# 1, then the theorem is true for A4 by the 
minimality of G. Now we have three possibilities: (A) INI = 2, M= M,, 
(B)M=M,xN with (IN/, IM,J)= 1; (C) N=Z,xZ,, p= 11, 19, 29, or 
59, N < B, Mz B : X,,(5), where M, is one of the groups listed in (3) and 
B 6 M specified in (3). If (A) holds, let Ho be a Hall 2’-subgroups of H. If 
(B) holds, let Ho = H. Then G = MO x Ho and the theorem is true for G in 
these cases, contrary to the assumption on G. So (C) holds. Let P be a 
Sylow p-subgroup of B. If N 5 P, then N< G(P) by the properties of B 
and N. Since pllli;il and (IMl, IRI)= 1, NeSyl,(H). Let Ho be a Hall 
$-subgroup of H; then H = NH, and [Ho, P] d [M, H] d N 6 @i(P). It 
follows that [Ho, P] = 1. In particular, [N, Ho] = 1. Hence H = N x H,. 
Since Ho is of odd order, the theorem is true for G = M x H, by 
Theorem 2.8, contrary to the assumption on G. So N = P. Since 
(I BI, (M/B( ) = 1, there exists a subgroup T of M such that M= BT and 
Tz X,(5). By Corollary 2.9 and the fact that H is an AT-group of odd 
order, there is a normal abelian Hall subgroup MO of H such that H/M, 
is cyclic and all Sylow subgroups of M, are homocyclic. Since N is not 
cyclic, N < M,. Let P, be a Sylow p-subgroup of MO; then P, is normal in 
G. If N is a proper subgroup of PO, N Q @(P,). So [T, PO] G N < @(PO). 
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This implies that [P,, T] = 1. So [ T, N] = 1. Hence N d Z( BT) = 
Z(M) = 1. It is absurd. Therefore N = P, and NE Syl,(G). Let H,, be a Hall 
$-subgroup of H. If N < Z(H), then G = M x H, yields a contradiction to 
the assumption on G. So there is an element J’ in H, such that [J, N] # 1 
with [y’, N] = 1 for some prime r. Now consider N a vector space V over 
the field GF( p). Then dim V= 2 and V is a faithful irreducible T-space. Let 
GO be a subgroup of GL( V) induced by Aut(G); then GO contains a normal 
subgroup To isomorphic to T. Clearly [ lvO, T,,] = 1 and O( yO) = r, where 
y, E GO induced by J. Since the centralizer of To in GL( V) is Z(GL( V)), 
yOe Z(GL( V)). So y,, is a scalar transformation of V. Since G is an 
AT-group, there exists an automorphism a of G such that 1” = ~1~‘. Then 
y;’ = y(y ‘, where a’ E G, induced by a. Since yO lies in the center of GL( V), 
y;’ = yo. Now y. = y;’ yields r = 2. This contradicts the fact that H is of 
odd order. The contradiction proves that 8= 1. -- - - 
Now (?=I%$. If &f=BT, where N<B, N<T, [B, T]=B, TrSL,(5), 
and B satisfies the conditions in (3), we claim that p j lD(. If p ( 1 El, then 
p = 11, 19, 29, or 59. Let P be a Sylow p-subgroup of B; then P is normal 
in G since B/N is abelian. Now P E Syl,(G), P is homocyclic by Lemma 2.1. 
Since P/N is homocychc of rank 2, P is also of rank 2. Now 
N< @(P) d @(B) yields that B is nilpotent. Let To be a Hall @-subgroup 
of T; then T,, z SL,(5) and the theorem is true for G = B : To, which is a 
contradiction. So p J ISI. Let B, be a Hall p’-subgroup of B and 
D = O,.(C,(N)); then B = NB,, D $ B,, and C,(N) = N x D. Since B/D is 
an AT-group, B,/D is cyclic by Lemma 2.5. By Lemma 1.1 (and note that 
all Sylow subgroups of B, are homocyclic of rank 2), B,= D. So 
B= Box N. Now G/B O % T is an AT-group, p j 1 TI, and either N r Z, x Z, 
with p E { 11, 19,29, 59) and T is isomorphic to N : SL,(5) or 
T= N x O,.(T) by the minimality of G and T/N zz SLz(5). Now let T,, be a 
Hall p’-subgroup of T, then TO z SL,(5). It follows from G = B : T,, or 
N x (B, : To) that the theorem is true for G, a contradiction. Hence 
IZ(G)( = 1 or 2 and c/Z(G)% L,(5), L,(7), L,(S), L,(9), or L,(4). If 
Z(G)# 1, then cz2:L,(5), SL,(7), or X,(9). Let R be a subgroup of G 
such that N < R and R/N = Z(c). Since R is an AT-group, R is cyclic of 
order 4 if p = 2. Since the multipliers of L2(5), L2(7), and L,(9) contain no 
subgroups of order 4, p # 2. Let Q E Syl,(R), R = QN. By Theorem 2.8, 
[N, Q] = 1 or N. If [N, Q] = 1, then Q is normal in G and G/Q is 
an AT-group. By the minimum of G, G/Q = (T,,/Q) x (R/Q) with 
(IT,/Ql,IR/Ql)=l, where T,=G/N. SopjlCl and G=NxT,,, contrary 
to the assumption on G. Therefore N= [N, Q]. It follows that C,,,,(Q) = 1. 
Since R is normal in G, G = N,(Q) N. By Lemma 1.1 together with 
C,(Q)=l, N,(Q)nN=l and (INc(Q)l,INI)=l. So C,(N)=N. If 
Z(G) = 1, we claim that we also have C,(N) = N. If C,(N) # N, the 
C,(N) = G since G/N is nonabelian simple. If N n G’ # 1, then N < G’ since 
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N is a minimal characteristic subgroup of G. By the “Atlas” [S], 
G R X,(5), S&(7), or S&(9) with INI = 2. This contradicts the assump- 
tion on G. So N n G’ = 1. Then G = N x G’. Since N and G’ are charac- 
teristic in G and G is an AT-group, (INJ, lG’/) = 1. So the theorem is true 
for G, which is a contradiction. Hence C,(N) = N. Suppose (NI = p”. Then 
n 3 2. 
Now consider N a vector space V over GF( p). Let G, be a subgroup of 
GL( V) induced by Aut(G). Then GO contains a normal subgroup TO 
isomorphic to G/N. By [ 123 (and note that TO z L,(5), L,(7), L2(8), L,(9), 
L,(4), SL,(5), X2(7), or S&(9)), there exists a field L such that IL/ = p”‘, 
n = n*m, n* = dim, V, G, < L( V, L) and one of the following holds: 
(a) T,zSL(V. L), n*=2, pm = 2=, 5, 7,2’, or 32 or n* = 3, pm = 2. 
(Note: %,(4) % L,(5), s&(2) % L,(7).) 
(b) TO z S,(2)’ z A 6 z L,(9), n* = 4, pm = 2. 
(c) T,zSL,(5), n*=2, pm=32, 11, 19, 29, or 59. 
If (a) holds, then TO= SL,(4), SL,(8), or SL,(2) since p j /ToI if 
Z( TO) # 1 as shown above. Hence Z( TO) = 1, p = 2, and n = 4,6, or 3, 
respectively. If To z SL,(4), let x be an element of G of order 5. If 
T,, z SL,(8), let x be an element of G of order 9. Then (x) acts irreducibly 
on N and Nc( (ZC ) )/Co( (.U) ) is of order 2. Let U be a subgroup of G 
such that N < U and U/N = No( (2)). Then U is not 2-nilpotent. Since 
NL,( (x))N = U, there is an element ~7 in N,( (x)) such that o( JJ) = 2/ and 
y~N.Sof~2byLemma1.1.Sety,=y2’-‘.Theno(y,)=2andy,~Nby 
Lemma 1.1. So yO is a fixed point of x in N, contrary to the fact that (X ) 
is irreducible on N. Hence T O z SL,(2) and T,, = G, = GL( V). Let x be an 
element of G of order 7; then there is an automorphism a of G such that 
x0=x - ‘. Then x$ = .Y; I, where x,, and a’ lie in G,, induced by x and a. 
This contradicts the fact that I N,((x,))/(x,)l = 3. If (b) holds, T,, z Ag, 
n = 4, p = 2. Let x be an element of G of order 5. Similar arguments yield 
a contradiction on the assumption on G. Therefore (c) holds. Now 
Z(T,)#l, pj [ToI. Hence p=ll, 19, 29, or 59 and Gx N: SL,(5), 
contrary to the assumption on G. 
(III) G is not isomorphic to any alternating group A,, n 2 5. 
If G z A,, for some n 2 5, then n 2 7 since G is a counterexample. Then 
A, has two elements of order 3 which are not conjugate in S, = Aut(A,), 
a contradiction. 
(IV) G is not isomorphic to any sporadic simple group. 
We denote by C(G, n) the number of conjugacy classes of elements of a 
group G of order n in Aut(G). Then we have the following data: 
C(M,,, 11) = 2, C(M,,, 2) = 2, C(J,, 19) = 3, C(M12, 7) = 2, 
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C(J2,2)=2, C(M23, 7)=2, C(HS,2)=2, C(J,, 17)=2, C(M,,,2)=2, 
C(McL, 11)=2, C(He,2)=2, C(Ru,2)=2, c(su~,2)=2, C(O’iv, 19)=3, 
C(Co,, 2) = 2, C(Co2, 2) = 3, C(Fi,2, 2)=3, C(HN,2)=2, C(Ly, 3)=2, 
C(Th,3)=3, C(Fi,,,2)=3, C(Co,,2)=3, C(J4,2)=2, C(Fi&,2)=2, 
C(B,2)=4, C(M,2)=2. 
Hence sporadic simple groups are not AT-groups. 
(V) Last contradiction: By the classification of finite simple groups, 
G is isomorphic to a simple group of Lie type. By [7, Theorem 3.1, 
Lemma 6.11, G is isomorphic to one of the following groups: 
(a) pS&(7), pSL,(ll), PSU,(3), G2(3), G,(4), O,(3)‘, P&(3), 
F,(2); 
(b) P=,(8), W3), f’SU,(2), 3W2); 
(cl P=,(27), PSU3(4), PSU3(5), Q,(4), PSU,O), PSU&), 
PO: (3 )‘, 2E,(2); 
Cd) PSL,(3); 
(e) P%,(3), SP,(~), O,‘(2)‘, PSL,(4), PSUd3). 
By the “Atlas” [S], G is isomorphic to PSL,(7), PSL,(8), or PSL,(4), 
which is a contradiction. The contradiction proves the theorem. 
Remark. The groups specified in (3) of Theorem 3.1 are indeed AT- 
groups. It is easy to verify that E : SL,(3) is also an AT-group, where E is 
described as in (2). As for the groups of type ( 1 ), they are not necessarily 
AT-groups. One can single out the AT-groups from them by a simple 
number theoretic analysis. 
A finite group G is said to be a PAT-group if G has at most one con- 
jugacy class of p-elements of order p in Aut(G) fqr any prime number p. 
Then AT-groups are PAT-groups. Suzuki 2-groups are PAT-groups. As 
shown in Section 1, most Suzuki 2-groups are also AT-groups. In [8], 
PAT-groups of odd order were investigated and a result identical to our 
Corollary 2.9 was obtained. So PAT-groups which are not AT-groups are 
seemingly very rare. Of course there exist such groups. Sz(8) and f.2( 17) 
are examples. It seems that Sz(8) and L2( 17) are the only nonabelian 
simple PAT-groups which are not AT-groups. It is easy to verify that the 
extension 35 : 121 of an elementary abelian 3-group of order 35 by a cyclic 
group of order 121 is a PAT-group. But 35 : 121 is not an AT-group. 
A finite group G is said to be homogeneous if every isomorphism 
between subgroups extends to an automorphism of G. In an unpublished 
paper, I determined all finite homogeneous groups and solved an open 
problem in [17]. The referee called my attention to the work of P. M. 
Neumann (unpublished) and Cherlin and Felgner. Cherlin and Felgner 
ON FINITE GROUPS 35 
have also classified finite homogeneous groups. The first part of their work 
is to appear in the Journal of the London Mathematical Society. Obviously, 
finite homogeneous groups are AT-groups. 
Let G be a finite group and S be a subset of G\{ 1). We define the 
Cayley digraph X= X(G, S) of G by V(X) = G and E(X) = { (g, sg) 1 g E G, 
s E S}. For any a E Aut(G) we have the isomorphism X(G, S) 2 X(G, S). 
This kind of isomorphism between Cayley digraphs is called trivial 
isomorphism. We call a finite group G a DCI-group if there exist only 
trivial isomorphisms between Cayley digraphs of G. Studying DCI-groups 
is a necessary step for classifying Cayley digraphs and graphs of G. 
We know from [17] that DCI-groups form a subclass of the class of 
AT-groups. 
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